The phase state in the intermediate density range of dense matter (∼ 1 − 10 times of nuclear saturation density) is both intriguing and unclear, and could have important observable effects in the present gravitational wave era of neutron stars. Since the matter density in neutron stars is in the nonperturbative interaction region, the sound velocity is expected to approach the conformal limit (c s /c = 1/ √ 3) at high densities, and it should also fulfill the causality limit (c s /c < 1). However, its detailed behavior remains a hot topic of debate. We explore the general properties of the sound velocity and the adiabatic index in hybrid stars, as well as in neutron stars and quark stars. For this purpose, the bag model, the perturbation model, the equivparticle model, and the quasiparticle model are employed for the quark phase. One representative effective field theory model is used for the hardon phase. Various conditions are employed for hadron-quark phase transition and we employ an interface tension in a preferred range of 1 − 50 MeV/fm 2 . The results are compared with various ab-initio calculations. We find a characteristic behavior of dynamical rescaling of the bag constant on the sound velocity in quark matter, which resembles that of quark deconfinement phase transition at ∼ 3 − 7 times of nuclear saturation density. And it leads to a much compact star with similar mass. We also propose a new class of quark star equation of states attributing the feature. The quark star equation of state model, as well as the in-medium scaling of the bag parameter in our calculation can be tested by future high-precision radius measurements of pulsar-like objects.
INTRODUCTION
The equation of state (EOS) of dense stellar matter is a mutual problem for nuclear physics and relativistic astrophysics, and has been greatly promoted by the detection of gravitational waves from the GW170817 binary neutron star (NS) merger event (Abbott et al. 2017 ). An accurate estimation of the stars' radii (11.9 +1.4 −1.4 km at the 90% credible level (Abbott et al. 2018) ) has been performed from the gravitational wave signal in the late spiral stage, namely the tidal deformabilities of the stars in the binary, based on a parametrized EOS fulfilling the two-solar-mass constraint from pulsar mass measurements (Antoniadis et al. 2013; Demorest et al. 2010; Fonseca et al. 2016) . Using X-ray missions, it is also possible to simultaneously measure the masses and radii of the stars in NS low-mass X-ray binaries (LMXBs) and millisecond pulsars (e.g., Watts et al. 2019) . Some possible implications of the measurements have been studied (e.g., Weih et al. 2019 ) combining the gravitational-wave observations. Those observations are crucial for the detailed study of the matter state at several times of nuclear saturation density ρ 0 (with ρ 0 = 2 × 10 14 g/cm 3 ). Among them, the possibility of the existence of strange quark matter (SQM) in NSs' high-density cores is of special interest, and could be investigated with future Advanced LIGO/Virgo detectors (e.g., Miniutti et al. 2003; Wei et al. 2018; Aloy et al. 2019; Bauswein et al. 2019; Most et al. 2019 ). For example, some studies (e.g., Aloy et al. 2019) have shown that the loss of thermodynamic convexity of EOS (or the loss of monotonicity of the sound velocity c s ) could have direct imprints on both the dynamics of the collapse to black hole configurations and on the resulting gravitational waves.
Model studies on the hadron-quark EOS indicate likely a first-order quark deconfinement phase transition characterized by a decreasing behavior of the adiabatic index Γ = (ρ + P )(dP/dρ)/P (e.g., Annala et al. 2019) . The sound velocity c s = dP/dρ should also decrease with the density but exhibits a much uncertain modification (e.g., Alsing et al. 2018; Annala et al. 2019; Bedaque & Steiner 2015; Kurkela et al. 2014; Ma & Rho 2018; Tews et al. 2018; McLerran & Reddy 2019; Bai & Liu 2019) , especially at a density around 3 − 5ρ 0 . Bedaque & Steiner (2015) has pointed out that c s might first increase then decrease after reaching a maximum (maybe even up to 0.9c (Tews et al. 2018 ) with c being the velocity of light), and finally approach from below to the conformal limit c/ √ 3, which corresponds to that of gases constitute with ultra-relativisitc massless particles. The peculiar shape also resembles the analysis in the case of the crossover EOS (e.g., Baym et al. 2019) . In strong first-order phase transition under Maxwell construction, there is an energy density jump at transition pressure (e.g., Alford et al. 2013) , leading to c s = 0 and sharp peaks in the curve. This is the case if the surface tension of hadron-quark interface tension σ exceeds some critical value σ c . Under Gibbs construction, the mixed phase consists of point-like hadron matter and quark matter (e.g., Glendenning 1992) . For a moderate σ (for example ∼ 20 MeV/fm 2 as found in Dyson-Schwinger equation approach (e.g., Gao & Liu 2016) ), pasta phase with various shapes are possible (e.g., Maruyama et al. 2007 ) and the pressure monotonously increases with the energy density. In the present study, we then study the properties of c s (as well as Γ) in first-order quark deconfinement phase transition.
Also, because of the tension of a low tidal deformability (190 +390 −120 (Abbott et al. 2018) ) and a high maximum mass (2.17 +0.1 −0.1 M ⊙ as the presently heaviest pulsar (Thankful Cromartie et al. 2019) , and ≤ 2.35M ⊙ based on the numerical simulation studies on NS binary mergers (e.g., Rezzolla et al. 2018; Ruiz et al. 2018; Shibata et al. 2019) ) for a certain EOS in the NS model, binary strange quark stars (QSs) have been proposed to be the possible scenario for the GW170817 event Lai et al. 2018) . A binary QS merger for some binary configurations could eject comparable amount of matter (to the binary NS case) (Bauswein et al. 2009) , to account for the electromagnetic observation in the optical/infrared/UV bands (namely kilonova). And a magnetar with QS EOS is actually preferred as the post-merger remnant to explain some groups of short gamma-ray burst (SGRB) observations (e.g., Li et al. 2016 Li et al. , 2017 . Therefore there remains the problem of how to distinguish strange QSs from NSs or hybrid stars (HSs; namely NSs whose cores contain deconfined quarks) (e.g., Char et al. 2019 ), and we intend to do the studies of c s and Γ for quark matter as well.
The paper is organized as follows, In Sec. II, we introduce the four models employed for quark phase, namely the MIT bag model, the perturbation model, the equivparticle model, and the quasiparticle model. Sec. III is the construction of hadron-quark mixed phase under different surface tension, and we use the widely-adopted relativistic mean-field (RMF) model with the TW99 effective interaction (Typel & Wolter 1999) to handle the hardon phase. Sec. IV is devoted to the results and discussions, before a short summary in Sec. V.
EFFECTIVE MODELS FOR QUARK MATTER
The SQM is composed of up (u), down (d) and strange (s) quarks with the charge neutrality maintained by the inclusion of electrons (hereafter muons as well if present):
The baryon number conservation,
is also satisfied with n b being the baryon number density. Due to the weak interactions between quarks and leptons,
the β-stable conditions µ s = µ d = µ u + µ e should be fulfilled. The energy density and pressure include both contributions from quarks and leptons, and those of leptons can be easily calculated by the model of ideal Fermi gas. In this section, we mainly introduce the necessary formalism for quarks. In the density regime achieved inside compact stars, it is not applicable for the dense matter properties to be calculated directly from the first principle lattice quantum chromodynamics (QCD) or from perturbative QCD. We make use of various phenomenological descriptions of the system, and our studies for SQM and quark stars are based on four effective models.
MIT bag model (B eff , a 4 )
The most popular approach to obtain the properties of SQM is the MIT bag model (Alcock et al. 1986; Haensel et al. 1986) , with the usual correction ∼ α s from perturbative QCD. The O(α 2 s ) pressure was evaluated and approximated (Fraga et al. 2001 ) in a similar simple form with the original bag model, and was used to study hybrid stars
2.2. Perturbation model (C 1 , B 0 , ∆µ)
At ultra-high densities, QCD can be solved with perturbative approaches (pQCD), the properties of quark matter at lower densities can then be obtained by further considering non-perturbative contributions (e.g., Fraga et al. 2014; Kurkela et al. 2014) . For simplicity, in this work we adopt the pQCD thermodynamic potential density to the order of α s (Fraga & Romatschke 2005) 
with
where u i ≡ µ i /m i and v i ≡ u 2 i − 1. The coupling constant α s and quark masses m i are running with the energy scale and can be determined by (Fraga & Romatschke 2005) :
Here L ≡ ln (Vermaseren et al. 1997 ) (The formulas is for arbitrary N f and in this study N f = 3). It is not clear how the renormalization scale evolves with the chemical potentials of quarks, and we adoptΛ = C1 3 i µ i , with C 1 = 1 ∼ 4 . We also introduce the bag mechanism to account for the energy difference between the physical vacuum and perturbative vacuum, and the bag parameter is dynamically scaled (e.g., Burgio et al. 2002; Maieron et al. 2004 ). The total thermodynamic potential density for SQM can be written as (Xia et al. 2019) :
where we take B 0 = 40, 50 MeV/fm 3 (Degrand et al. 1975) for the calculations and ∆µ = ∞ indicates no medimum effect for the bag parameter. B QCD = 400 MeV/fm 3 is demanded by the dynamic equilibrium condition at the critical temperature of deconfinement phase transition, and is obtained by equating the pressures of QGP (−B QCD + 37π
2 T 4 /90) and pion gas (π 2 T 4 /30) at T = T c (∼ 170 MeV). At given chemical potentials µ i , the pressure P , particle number density n i , and energy density ρ are determined by:
The common term for the particle number density in Eq. (13) is obtained with
Equivparticle model (C, √ D)
Besides the bag mechanism, quark confinement can be achieved via density dependence of the mass, as done in the equivparticle model (e.g., Peng et al. 2000; Xia et al. 2014 ). Take into account both the linear confinement and leading-order perturbative interactions, the quark mass scaling is given by:
where m i0 is the current mass (m u0 ∼ 2.3 MeV, m d0 ∼ 4.8 MeV, m s0 ∼ 95 MeV) (Olive & Particle Data Group 2014) and n b = (n u +n d +n s )/3 is the baryon number density. The parameters D and C characterize the strengths of confinement and leading-order perturbative interactions, which have been estimated with 140 √ D 270 MeV (Wen et al. 2005 ) and C 1.2 (Xia et al. 2014) .
At given particle number densities n i , the energy density ρ, chemical potential µ i and pressure P are given by
with the scalar and vector densities
Here ν i is the Fermi momentum for particle type i. Similar to the equivparticle model, in quasiparticle model the strong interactions is mimicked by effective masses. At zero temperature, by resuming one-loop self energy diagrams in the hard dense loop approximation, the effective mass formula for quarks at finite chemical potentials can be obtained as (Pisarski 1989; Schertler et al. 1997a,b) 
Here m i0 is the current mass of quark flavor i (Olive & Particle Data Group 2014) and α s the running strong coupling constant given by Eq. (9). At given chemical potentials µ i , the pressure P , particle number density n i , and energy density ρ are then determined by
Again the bag constant B 0 represents the vacuum pressure. Based on Eq. (6), the derivative of Ω 0 with respect to the effective quark mass m i is calculated as
HADRON-QUARK PHASE TRANSITION OF FIRST ORDER
To construct the hadron-quark mixed phase at two extreme scenarios with σ → 0 (the Gibbs construction) and σ > σ c (the Maxwell construction), we define the fraction of quark matter as χ ≡ V q /V , where V q is the volume occupied by quarks and V the total volume, i.e., χ = 0 represents the pure nuclear matter and χ = 1 the quark matter. The total baryon number density is
The total energy density is
where ρ N , ρ q , and ρ e are the energy densities for nuclear matter, quark matter and electrons. The constituent particle chemical potentials in the two sector is linked as follows,
Two independent chemical potentials (µ n , µ p ) or (µ u , µ d ) can be determined by solving the charge neutrality equation and the pressure balance equation for a given total baryon number or a given quark fraction (e.g., Li et al. 2008 Li et al. , 2009 Li et al. , 2015 Peng et al. 2008 ). The EOS of mixed phase can be then calculated. We mention that the local charge neutrality condition
is fulfilled within the Maxwell phase transition construction, and the global charge neutrality condition is satisfied within the Gibbs phase transition construction,
For the cases with a moderate surface tension (0 < σ < σ c ), to construct the geometrical structures of mixed phase, we employ a Wigner-Seitz approximation and assume spherical symmetry, i.e., only the droplet and bubble phases are considered. The internal structure of the Wigner-Seitz cell is determined by minimizing the energy at a given number density. More formulas can be found in our previous studies (e.g., Xia et al. 2019 ).
4. RESULTS Fig. 1 presents the adiabatic index (Γ) and sound speed (c s ) for both nuclear matter (within four different nuclear many-body approaches) and SQM (using also four effective SQM models described in Sec. II). In the left panel for Γ, we see that its value mostly lies between ∼ 2 − 3 for nuclear matter, and commonly greater than those of SQM in the intermediate density range. The adiabatic index of SQM matter shows a sharp decrease with the density. In the cases of quasiparticle model, equivparticle model and perturbative model (with a fixed bag parameter) they also approach close to the ultra-relativistic limit of 4/3 at high densities. The lower curves at a high-density range in the MITα 2 s model and perturbative model (with in-medium bags) indicate the quark interactions are weaker in these cases. In particular, we notice the stiffening of the adiabatic index in the perturbative model from the repulsive contribution brought by the dynamic scaling of the bag parameters. In the systematic study of Annala et al. (2019) , an evident decrease of the adiabatic index from 2.5 to ∼ 1 at several times of saturation density is regarded as a signature of hadron-quark phase transition. We see here that the perturbative model with in-medium bags coincides with the decrease, but only with one phase of SQM.
In the right panel of the velocity of sound c s , we see that c s increases monotonously from small values with the density using only a nuclear matter EOS, and there is very possible a violation of the causality at some high densities, for example ∼ 6.45ρ 0 in the APR case. The model can certainly not be applied for the study of dense matter beyond this density. We mention that the NS central density with a maximum mass of ∼ 2.2 M ⊙ for APR is high up to ∼ 9.75ρ 0 , which is beyond the causality violation density. For the SQM EOSs (except the perturbative model with inmedium bags), c s also increases monotonously from small values, but approaches quickly (around ρ 0 ) to the conformal limit of c/ √ 3 from below. However, for the perturbative model with in-medium bags, c s increases and then decreases, resulting in a peak in the curve located ∼ 5ρ 0 . This may be what expected in Bedaque & Steiner (2015) , from the analysis based on empirical evidence and the two-solar-mass constraint. The peak can be as high as 0.9 c, similar with the result in Tews et al. (2018) . In Kurkela et al. (2014) ; Alsing et al. (2018) , a relatively lower peak value (∼ 0.63c) is found.
We show in Fig. 2 the Γ, c s results of hybrid stars (labelled as HS) incorporating the hadron-quark phase transition. For the calculations, the nuclear matter EOS employs the RMF model with the TW99 effective interaction. The SQM EOS employs the perturbative model (labeled as pQCD) with the parameters of C 1 = 2.7, B 0 = 50 MeV/fm 3 , ∆µ = 800 MeV. The pure nuclear matter case of TW99 (labelled as NS) and the pure SQM case of pQCD (2.7, 50, 800) are also shown for comparison. The calculations are done under various constructions between the two phases: Maxwell construction (with a large enough interface tension and a finite density jump shown in shadow regions), Gibbs construction (with a zero interface tension), and some proper choices of hadron-quark interface tension (in the range of 1 − 50 MeV/fm 2 ). Let's first focus on the Gibbs case with no interface tension. At the quark threshold density, Γ sharply decreases by almost a factor of two due to the strongly softening of the EOS by an extra degree of freedom. Then with the density increases the adiabatic index grows because the pressure increases. Then after reaching a maximum of ∼ 3.2, it starts to decrease rapidly before a small continuous lift due to the repulsion inhabiting in the SQM modeling. Then ∼ 12ρ 0 , when it lowers to ∼ 0.5, it increases due to the change from two phases to a single phase, and approaches the pure quark matter result (some value lower than 1) ∼ 16ρ 0 . The increase of hadron-quark interface tension generally lowers the first peak and enhances the second peak at the same time. Finally, for large σ like 50 MeV/fm 2 , only the second peak is present, similar to the Maxwell case and the pure quark matter case. The detailed variations for mixed phase under various conditions depend mainly on the competition between the softening due to the coexistence of two phases and the stiffening due to the pressure increase.
From the right panel, we see that the behaviour of the sound speed of hadron-quark mixed phase resembles that of the pure SQM case in the intermediate density region of ∼ 3 − 8ρ 0 , only with a slightly small peak value of ∼ 0.8c. The similarity further complicates the distinguishing of QS from HSs, apart from their very similar global properties like mass and radius.
We now turn to the discussion of the stability of SQM and QSs. In the left (right) panel of Fig. 3 we present the energy per baryon (pressure) obtained with various effective models for representative parameters: the quasiparticle model (labelled as qParticle), the equivparticle model (labelled as eParticle), the MITα 2 s bag model, and the perturbation model (labelled as pQCD). One result for nuclear matter, calculated with RMF model using TW99 effective interaction, is also shown for comparison. We notice the opposite effect of C 1 and B 0 parameter on the EOS in the perturbation model, namely larger bag constant B 0 usually results in softening, while larger dimensionless parameter C 1 (namely lager renormalization scale) results in stiffening. The dynamic scaling of the B parameter with a finite ∆µ brings further repulsion, and increases the energy (pressure) evidently from around 0.5 fm −3 (∼ 4ρ 0 ) in the left (right) panel. To estimate whether the SQM is absolute stable strong-interaction system, we have to require at P = 0, E/A ≤ M ( 56 Fe)/56 = 930 MeV. The condition is fulfilled under four cases of our calculations, qParticle (3.5, 50), eParticle (0.7, 129), MITα 2 s (138, 0.61) and pQCD (3.5, 40, 800/∞). Those are the cases where a strange QS is possible and the prediction for the star properties will be presented later in this section. Since the zero-pressure density closely related to the QS EOSs stiffness (ever can be regarded as the characteristic of the stiffness in many previous studies (e.g., Bhattacharyya et al. 2016; Li et al. 2017 )), we mention that the surface density is the lowest in the eParticle (0.7, 129) EOS, around 0.1 fm −3 . Its stiffness will be manifested later in the results of the star properties. The stable configurations of a NS/QS can be obtained by solving the hydrostatic equilibrium Tolman-OppenheimerVolkoff (TOV) equations. To describe the structure of the NS crust, we have employed the quantal calculations of (Negele & Vautherin 1973) for the medium-density regime (0.001 fm −3 < n b < 0.08 fm −3 ), and follow the formalism developed in (Baym et al. 1971) for the outer crust (n b < 0.001 fm −3 ). In Fig. 4 , we present the star's mass as a function of the radius (in the left panel) and as a function of the central density (in the right panel). In the present calculation, most results of the radii lie between ∼ 10.5 km and ∼ 12.5 km, with one exception in the equivparticle model due to very low surface density ∼ 0.1 fm −3 mentioned before. In the equivparticle model, it is necessary to have a large radius to ensure a large maximum mass above 2 solar mass. Such high radius (∼ 14 km) may have been excluded by the LIGO/Virgo observation of NS binary merger GW170817 if one supposes it originates from binary QS merger. The repulsive contribution from the in-medium bag in the perturbative model demonstrates a new way to achieve a large maximum mass with a small radius, for example the mass is lifted from 1.82 M ⊙ (when ∆µ = ∞) to 2.16 M ⊙ (when ∆µ = 800 MeV) with a very similar radius ∼ 10.5 km. We mention that a recent NS EOS model from the quark level (also reconciling both laboratory measurements of nuclear properties & reactions and observations in astronomy) gives R 1.4 ≃ 11.8 km (Zhu et al. 2018) , and the lower bound for the radius of a 1.4 M ⊙ (or similarly 1.6 M ⊙ ) NS is around 10 km (e.g., Bauswein et al. 2017; Annala et al. 2018) . If strangeness phase transitions are introduced the bound is ready to be relaxed (e.g., Burgio et al. 2018; Char et al. 2019) . Further simultaneous mass and radius measurement of a small radius together with a large mass would help justify this QS EOS model and the effective scaling of the bag parameter used in the model. Finally, all calculated results of the interesting case in the perturbation model using C 1 = 3.5, B 0 = 40 MeV/fm 3 , ∆µ = 800 MeV are collected in Table  1 , defined as the"pQS" EOS model. Table 1 . "pQS" EOS model and the predicted properties of dense matter (cs, Γ) and quark star (R, M ). The calculations are done based on the perturbation model using the parameters of C1 = 3.5, B0 = 40 MeV/fm 3 , ∆µ = 800 MeV. The sound speed c s = dP/dρ is a fundamental quantity for describing the matter state, and the causality limit has been used to set important bounds on dense matter EOS and NSs' maximum mass (e.g., Brecher & Caporaso 1976; Rhoades & Ruffini 1974) . For example, the polytropic form of P = (ρ − ρ 0 )c 2 + P m matched smoothly to a realistic nuclear matter EOS (e.g., Negele & Vautherin 1973) at nuclear saturation density ρ 0 (P m is a constant determined from the matching) gives an upper limit of ∼ 4.8M ⊙ for the TOV mass. In this study, we explore the possibility to use the microphysical quantity to shed light on particle degree of freedom in cold, dense matter, in the density region where no first-principle method can be presently applied.
We make use of four effective models for the modeling of SQM, and combine them with one representative nuclear matter model to the study of hadron-quark deconfinement phase transition and hybrid stars. The results are compared with various microscopic calculations of nuclear matter. We mainly find that there is a dissimilarity of the adiabatic index Γ = (ρ + P )(dP/dρ)/P for pure nuclear matter and quark matter. However, the possible strangeness phase transition and the presence of deconfined quarks complicate matters. As a result, both Γ and c s can not effectively signify the composition of the matter. The complication also arises from additional non-perturbative effects included in the model calculation, which brings extra repulsion above ∼ 5ρ 0 and affects the predicted structures of QSs. As a result, a much compact QS is possible with a similar high TOV mass around 2.16M ⊙ . Its radius is ∼ 2 km smaller than those of NSs/HSs in the model. It is a new series of QS EOSs that could bring interesting observational possibilities to study the EOS of dense QCD matter and the nonperturbative properties of QCD. The tabulated data of one so-called "pQS" EOS model is provided in Table 1 for completeness and reference. 
